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Abstract 

The general structure of the renormahzation group equations for 
the low energy effective field theory formulation of pure gravity is 
presented. The solution of these equations takes a particular simple 
form if the mass scale of the effective theory is much smaller than the 
Planck mass (a possibility compatible with the renormahzation of the 
effective theory). A theory with just one free renormalized parameter 
is obtained when contributions suppressed by inverse powers of the 
Planck mass are neglected. 



^E-mail atance@posta.unizar.es 
^E-mail cortes@posta.unizar.es 



The general principles of quantum mechanics and special relativity lead 
to identify any relativistic quantum theory at low energy as a quantum field 
theory This point of view of field theories as effective low energy theo- 
ries has important consequences on the understanding of general problems 
in quantum field theory such as renormalization 0. The finite number of 
interactions of a renormalizable field theory are just the dominant terms at 
low energy of an effective field theory with an infinite number of interactions 
(usually all the terms compatibles with some symmetry principles). 

On the other hand the present incompatibility of general relativity and 
quantum mechanics can be translated into the need for restricting the field 
theoretical formulation of gravitation to energies below the Planck mass. In 
field theory this incompatibility appears through the non-renormalizability of 
the theory of a spin 2 massless interacting particle. But in the framework of 
effective field theories renormalizability is not a consistency requirement and 
reliable perturbative predictions after renormalization can be made [Q. Then 
one can consider the effective field theory of an interacting spin 2 massless 
particle as the low energy field theoretic formulation of pure gravity. This 
point of view has been recently advocated by J.F.Donoghue who shows 
how some large distance quantum gravitational effects can be derived within 
this framework. At high enough energies new interactions and new degrees 
of freedom will be required in a new theory based on some unknown general 
principles 

Perturbative renormalization in effective field theories can be done along 
the same lines of the standard renormalization of renormalizable theories. 
The example of the effective field theory that reproduces the low energy ef- 
fects of a renormalizable field theory with a very heavy field can be used to 
illustrate the main ideas 0. A well defined effective field theory expansion 
in inverse powers of the heavy mass is obtained if an appropriate renormal- 
ization scheme is used in the effective theory (mass independent substraction 
scheme). 

The one loop [0 and two loop |^ calculations of ultraviolet divergences 
in Einstein theory of gravity using dimensional regularization can be under- 
stood as the perturbative determination of the counterterms invariant under 
general covariant transformations with four and six derivatives which are 
required in the renormalization of the effective low energy theory of pure 
gravity. The loop expansion corresponds to the expansion in derivatives and 
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the renormalized theory has an infinite number of terms. This expansion can 
be seen as the effective field theory expansion in inverse powers of the mass 
scale of the theory. 

The purpose of this paper is to argue that, despite of the fact that one has 
in general an infinite number of free parameters, something can be learned 
about quantum gravity from its effective field theory formulation. The idea 
is to look at the information contained in the general structure of the reno- 
mahzation group equations of the theory. 

The general expression for the action of the effective field theory of grav- 
itation can be writen, using the invariance under general covariant transfor- 
mations, in the following form 

A constant term inside the brackets has not been included by using the 
experimental information that the cosmological constant must be very small 
(later we will see how the structure of the renormalization group would be 
affected in the presence of such a term). The coefficients ai, 0.2, a4,... are 
dimensionless parameters, R is the scalar curvature, i?^ is a vector with the 
three different invariants built out of two Riemann tensors as components, 
the different invariants with three Riemann tensors or two Riemann tensors 
and two derivatives are the components of the vector and so onQ. The 
dimensionality of the different terms in the action fixes the power dependence 
on the mass scale M of the effective theory. The Newtonian limit of this 
action gives a\ = 167r(-^)^ where Mpi is the Planck mass. 

A perturbative analysis of the action (0), based on the decomposition of 
the metric 

CXl 

g^Lu = V^L^y + j^h^^ f]^^ = diag{l, -1,-1,-1), (2) 

can be done |, |^ by using the standard methods of gauge theories. A 
very important tool in handling infinities in this analysis is dimensional reg- 
ularization [|T^ and the minimal substraction scheme |TT[. The standard 



derivation, in perturbatively renormalizable theories, of the renormalization 



■^One can see that the action (|^) has redundant terms that could be ehminated by using 
a non-Unear redefinition of fields. We will not make use of this possibility to eliminate 
some terms in the action in this paper. 
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group in this renormalization scheme |]T2| can be translated to an effective 



field theory. When this renormalization scheme is applied to the action (|^) 
one finds a set of bare parameters = (af , , ...) in one to one correspon- 
dence with the dimensionless parameters in the action The expressions 
for the bare parameters in terms of the renormalized parameters will have 
poles when e — > (dimension D = A — e). From the independence of the bare 
parameters on the renormalization scale n, one concludes that any change 
of /i must be equivalent to a change in the renormalized parameters. The 
renormalization group equations express this fact, 

^dai_ ^ ^ ^^^^ = f32n{a) . (3) 

a/i a/i 

The renormalization group f3 functions /?2n are vectors with as many compo- 
nents as d2n, i-e., the number of covariant terms with dimensionality 2n + 2. 
Each component of f32n is a polinomial in the dimensionless parameters com- 
patible with the homogeneity condition, 

f3^1{X'a,) = A2"/5£(a) . (4) 

This is a consequence of dimensional arguments together with the presence 
of a single mass scale M (the dependence on the renormalization scale /x is 
logarithmic). From (1) one can see that the /i dependence of is fixed by 
a finite number of parameters a^, k < 2n. 

This "triangular" structure of the renormalization group equations diss- 
appears if a cosmological constant term is added in (|^). In the parametriza- 
tion we are using the cosmological term would correspond to a term a-2 
inside the brackets in (|l]). The only modification in the renormalization 
group equations (|^) is the addition of one equation for the new dimension- 
less parameter a_2 and the presence of new contributions in the f3 functions 
depending on a„2- The homogeneity conditions (^ are still valid but, due 
to the presence of a-2, all the dimensionless parameters in the action (|^) 
appear in every renormalization group equation. One consequence of these 
generalized homogeneity conditions is that /3_2 is proportional to a_2 and 
then a vanishing cosmological constant is consistent with the renormaliza- 



tion group equations [13|. From now on we will omit the cosmological term 



and we will work with the effective action (|ip. 
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The next step is to consider the possibihty of ehminating more parameters 
in the renormahzed theory or in other words the identification of relations 
among the renormahzed parameters compatible with their renormaliza- 
tion scale dependence. This can be seen as an example of the program of 
coupling constant reduction initiated in and discussed in more general 



terms in |T^. In the present case, the dimensional arguments which lead to 



the simple "triangular" structure of the renormalization group equations put 
strong limitations on the possible relations among parameters. A reduced 
parameter 0L2n "wiH be given by 

4™ = > (5) 

where r~2n is a polinomial in a with the homogeneity condition 

rglA'^a,) = A^V«(a) . (6) 

Once more one has a very simple structure in the reduction with any reduced 
parameter oi~2n depending on a^, k < 2n exclusively. From the renormaliza- 
tion group equations for ai and 52 

doii 

'V = ° 

"«2 '^2 2 /■o\ 

one has a consistent reduction 

a? = 6«a2 + c«a?, (9) 

where the coefficients C2 "* in the second term are completely free as a conse- 
quence of the trivial renormalization of ai. The independent dimensionless 
parameter 0:2, corresponding to terms quadratic in the curvature, has a /x 
dependence given by 

IJ'-r- = 7:r-T?"i • (10) 

If the same arguments are applied to the renormalization group equations 
for one finds a reduction 



4 



a? = b'i^al + bf^a^al + cf • (H) 

The coefficients of the ffist two terms, 64 ■* and 64 are fixed by the consistency 
of the renormahzation group equations, but once more there is no restriction 
on the coefficient 04^ of the last (/^-independent) term. The generahzation of 
these results to is obvious. 

The presence of an arbitrary constant in any reduction equation, which 
is a consequence of the /i-independence of ai, makes the reduction of pa- 
rameters trivial in this case. It just corresponds to a parametrization of 
the most general solution of the renormahzation group equations in terms of 
the arbitrary constants C2n and one has an infinite number of renormalized 
parameters that can be fixed independently at a given scale. 

If all the dimensionless parameters are a^*"* ~ 1 at the scale M then 

167r " ^' 

and one has an effective theory of gravity with the Planck mass playing the 
role of the scale of the theory. For energies E -C Mpi (long distance physics), 
one has a dominant contribution independent of a2n- At energies E ~ Mpi 
the contributions depending on the parameters become comparable to 
the dominant term at lower energies. Predictibility is lost because one goes 
beyond the domain of applicability of the effective field theory of gravity. 

An alternative to the most natural case discussed previously corresponds 
to keep the dimensionless parameters Q;2n ~ 1 but to assume that ai -C 1. 
If one takes the dominant term in the reduction equations then one has a 
"real" reduction of couplings and the theory involves in this approximation 
just one free dimensionless parameter 02 together with the mass scale M 
of the theory (or equivalently ai which is the mass scale in units of the 
Planck mass). The explicit form of the first few terms in the action can 
be obtained from previous calculations of one and two loop divergences in 
quantum gravity. 

The one loop result |[ for the counterterms 

= ./^[—R^ + LR R^^'^-^e"^"^s, R^^'^ RP-] (12) 
47r 2e420 20 ^ 180 ^ ' ^ ' 
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gives, after reduction of couplings 



180 



53 



£ (^fiupcrR^ apR^ 7(5]' 



(13) 



The next term in the reduced action will be obtained by using the approx- 
imation af^ ~ 64'* for the coefficients of the ten independent terms of 
dimensionality six, where the coefficients 64 ■* can be read from the ^ two 
loop counterterms p|. The determination of would require a three loop 
calculation and so on. 

A generic term in the energy expansion associated to the effective theory 

a.2n ( ]g ) becomes, after reduction of couplings, f [rifj then 
the energy expansion involves a single free dimensionless parameter If 
one considers the energy expansion of the effective theory in the general case 
without the approximation cti <^ 1, the reduction of couplings, which is 
simply a particular parametrization of the action, corresponds to the iden- 
tification of a double expansion in powers of and The approximate 
"real" reduction discussed in this paper is a consequence of a property of this 
double expansion. The infinite number of parameters of the effective action 



expansion. These coefficients depend only on two parameters ai and 02 • 

If the discussion of this paper is extended to an effective theory of gravity, 
including matter fields and non-gravitational interactions, and the structure 
of the energy expansion is not modified, there can be interesting implications 
of a mass scale of the effective theory M much smaller than the Planck mass. 
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do not appear in the coefficients of terms 
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